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CIRCLE OF SARKISOV LINKS ON A FANO THREEFOLD 

HAMID AHMADINEZHAD AND FRANCESCO ZUCCONI 

Abstract. It is known that any birational map between Mori fibre spaces factors through a 
sequence of Sarkisov links [12, 18 . Finding Sarkisov links, or proving their nonexistence, is a 
first step towards understanding of the group of birational automorphisms of a given Mori fibre 
space, as these links give information about the generators of this group. By now, there are many 

ff\ ' examples of Sarkisov links on Mori fibre spaces. The relation between these generators has been 

recently studied in [2S] . In this article we investigate a nontrivial case of such relation, as a circle of 

Sarkisov links. We describe two different Sarkisov factorizations on a quasi-smooth Fano threefold, 

to a cubic surface fibration over the projective line; each of these links is a composition of two 

5_( , Sarkisov links. Another Fano threefold is realised at the end of one of the links. We obtain the 

Oh' Sakisov links by playing 2-ray games via variation of geometric invariant theory. In each link we 

•^T perform a weighted blow up of a quotient singularity, and recover the associate Cox ring and run 

the 2-ray game. It follows that this Fano variety is neither rational nor birationally rigid and admits 
at least three different Mori structures. 
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1. Introduction 



A main goal in algebraic geometry is to have a classification of algebraic varieties up to birational 

equivalence. While the answer to this problem is a classical result in dimension one, and is more 

or less settled in dimension two, it is far from being complete in dimension three. A breakthrough 

^ in this direction was achieved by the proof of the existence and termination of the Minimal Model 

Program (MMP), see [28] . 

. The outcome of MMP, for a given algebraic variety of dimension three, so-called "threefold" , is 
either a minimal model, that is a variety with nef canonical bundle, or is a Mori fibre space. A 
Mori fibre space is a variety X together with a morphism (p: X — > S such that 

(i) X is Q- factorial and has at worst terminal singularities, 
(ii) —Kxi the anti-canonical class of X, is 99-ample, 
(iii) and X/S has relative Picard number 1. 
Mori fibre spaces in dimension three form three classes, decided by the dimension of S: 

(1) Fano varieties, when dimS = 0, 

(2) del Pezzo fibrations, when dimS 1 = 1, 



2010 Mathematics Subject Classification. 14E05, 14E30, 14E07 and 14E08. 

Key words and phrases. Birational automorphism; Fano varieties; Sarkisov program; Variation of Geometric Invariant 

Theory. 



2 HAMID AHMADINEZHAD AND FRANCESCO ZUCCONI 

(3) and conic bundles, when dim S = 2. 

Concerning the Fano case, the unknown case compare to the lower dimensions, there are two 
natural questions to tackle: construct all possible Fano threefolds (classification), and find the 
relations between these models. The classical approach to the classification of Fano threefolds can 
be found in [24J. The mdern approach, however, is to view these objects as varieties embedded 
in weighted projective spaces, via studying the graded ring R(X, —Kx)- There are 95 families 
of Fano threefolds embedded in a weighted projective space as hyper surf aces, see [21]. Similarly, 
there are 85 families in codimension two, 70 candidates in codimension three and 145 candidates in 
codimension four, see [SlIUEHS] f° r explicit construction and description of the models or [6] for the 
database. The next step, as we discussed, is to study birational relations between these models. 

It is known that Fano varieties in dimension one and two are rational, that is birational to the 
projective space in that dimension. There are by now many examples of Fano varieties in dimension 
three that are not rational. In fact, many of these models are "birationally rigid", that is somehow 
the opposite of being rational. 

Definition 1.1. A Mori fibre space X — >■ S is birationally rigid if for any birational map /: X — * 
X' to another Mori fibre space X' — > S', there exists a birational selfmap a: X — » X such that 
the composite / o a: X — » X' is square. 

Definition 1.2. Let (p: X — > S and (p': X' — > S' be Mori fibre spaces such that there is a birational 
map /: X — » X' . The map / is said to be square if there is a birational map g: S — » 5", which 
makes the diagram 

X - -- >■ X' 



S - - - > S' 
commute and, in addition, the induced birational map fi : Xl — > X' L between the generic fibres 
is biregular. In this situation, we say that the two Mori fibre spaces X — > S and X' — > S' are 
birational square. 

Definition 1.3. The pliability of a Mori fibre space X — >■ S is the set 

V(X/S) = {Mfs Y ->• T | X is birational to Y}/ ~ 

We sometimes use the term pliability to mean the cardinality of this set, when it is finite and denote 
it by Pliab(A). In particular, if X is birationally rigid then Pliab(X) = 1. 

It was proved in [22] that a smooth quartic threefold (the simplest case of a Fano hypersurface) is 
birationally rigid. It was later proved that a general Fano hypersurface satisfies this property [14j . It 
is conjectured that the same property holds for Fano threefolds in codimension two [131 §6.3]. This 
conjecture is confirmed for the complete intersection of a cubic and a quadric in P 5 , see [23,25j. On 
the other hand, it was shown in |10j that Fano threefolds in codimension three are not birationally 
rigid. 

A great tool in studying birational properties of Mori fibre spaces is the language of Sarkisov 
program. Roughly speaking, it says that any birational map between two Mori fibre spaces can 
be factored into a sequence of Sarkisov links, see [12J for the proof in dimension three and [TU] for 
generalization in higher dimensions. A Sarkisov link is a 2-ray game played on X/S that remains 
entirely within the Mori category. We refer to |12[ §2.2] for definition and explanation of Sarkisov 
program and 2-ray game. 

On the other hand, while Sarkisov program explains the generators of the group of birational 
automorphisms of a Mori fibre space, [26] gives a theoretical description of the relations between 
the links. 

In this article, we use methods of 2-ray game to describe such relation between models of a 
Fano threefold in codimension three. We explicitly construct 2-ray games between all models that 
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we obtain and describe the relations between them. All these 2-ray links remain within the Mori 
category and therefore are Sarkisov links. In all cases, we construct a suitable toric ambient space, 
and its Cox ring, and then run the 2-ray game on the ambient variety. We show that in each case 
the 2-ray game restricts to a game on the threefold, hence at all steps we are dealing with Mori 
dream spaces [20J. The following is the main result. 

Theorem 1.4. Let X C P(l, 1, 1, 1, 2, 2,3) be a codimension three Fano threefold. If X is general, 
in particular quasi-smooth, then it has only two singular points, of type | (1, 1, 1) and i(l, 1, 2), and 
is birational to a Mori fibre space over P 1 , with cubic surface fibres. The birational map factors in 
two different ways through Sarkisov links, one of which includes two links, through a codimension 
two Fano threefold Y 33 C P(l, 1, 1, 1, 1, 2). In particular, the Pliability of X is at least three and 
there is a circle of Sarkisov links between the models. Moreover, X is not rational. 

We work over the field of complex numbers C, and all varieties are considered projective. 

Acknowledgement. This work was initiated while the first author visited Udine in February 
2013 . We would like to thank colleagues at the Mathematics Department of the University of 
Udine for their hospitality and for providing an excellent research environment. 

2. The initial model and its singularities 

The variety under consideration is a threefold X embedded in the weighted projective space 
P(l, 1, 1, 1, 2, 2, 3); for brevity we denote this weighted projective space by P. Let the coordinates 
of P be x, xi, x 2 ,x 3 , y, y%, z. The threefold X is defined by the vanishing of the Pfaffians of a 5 x 5 
skew-symmetric matrix with upper triangle block given by 

( V M Vi + C 2 -x\ \ 
B 3 D 2 x 

z -2/1 

\ *3 / 

where A and B are general cubic forms, and C and D are general quadratic forms in variables 
x, xi,x 2 ,x 3 , see [3] for general construction. In other words X is the vanishing of 

® 



1234 


yz = 


AD - ( Vl + C)B 


1235 


yyi = 


= —xA — x\B 


1245 


yx 3 -- 


= x(yi + C) + xiD 


1345 


x 3 A 


= -yi(yi + C) + x x z 


2345 


x 3 B 


= —y\D — xz 



Singular locus of the threefold. Note that A,B,C,D are general so that X is quasi-smooth. 
In particular, the singular locus of X is Sing(X) = {p y ,p z }, where, for example, p y is the point 
(0:0:0:0:1:0:0) G X C P. It is a standard verification, using the equations (pQ), to see that the 
germ p y 6 X is isomorphic to the terminal singularity of type 1/2(1, 1, 1). Here we explain how 
this isomorphism is obtained. This notation will be repeatedly used throughout this article without 
further explanation. 

Define the Zariski open subset U y C P, as the complement of the locus (y = 0). This subset is 
defined by 



U y = Spec[x,x 1 ,x 2 ,x 3 ,y,yi,z,-) c 



$ 



which is isomorphic to the quotient space 

Spec[x,xi,X2,x 3 ,y 1 ,z]/Z 2 
where 7* 2 acts, on coordinates, by 

e- (x,xi,x 2 ,x 3 ,yi,z) i-> (ex,exi,ex 2 ,ex 3 ,y 1 ,ez) 
where e is a 2 nd root of unity. In other words, U y = C®/Z 2 ; a typical case of a quotient singularity. 
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Note that the point p y can be viewed as the origin in this quotient. The singular locus of this 
quotient is a line passing through the origin. We use the notation 1/2(1, 1, 1, 1,0, 1) for this point, 
on the sixfold. There are three tangent variables near this point, z,y% and x$, by CD, (2) and (3). 
Hence the germ p y £ X is isomorphic to the origin in the quotient space 1/2(1, 1, 1). In particular, 
p y is an isolated singularity on the threefold. Similarly, one can check that p z is of type 1/3(1, 1, 2). 

Below, in Sections [3] and U we construct two birational maps, starting by Sarkisov links initiated 
by blowing up these two points. 

Definition 2.1. The index of a singular point of type l/n(a, b, c) is defined to be the number n. 

At the heart of our calculations lies the theorem of Kawamata that asserts what divisorial 
contractions are centered at quotient singularities. 

Theorem 2.2 (Kawamata [27]). Let (pG X) = l/r(a, r — a, 1) be the germ of a threefold terminal 
quotient singularity. In particular, a and r are coprime and r > 2. Suppose that <p: {E Ci") — » 
(rd) is a divisorial contraction such that Y is terminal and p G T. Then T = {p} and tp is the 
weighted blow up with weights (a,r — a, 1). 

We refer to such operation as "Kawamata blow up". 

2.1. The strategy. The variety X is embedded in a weighted projective space. We aim to find a 
toric variety with a divisorial contraction to this weighted projective space, such that the restriction 
of this map to the birational transform of X is a divisorial contraction to a point X and is locally 
the Kawamata blow up we are after. The toric variety will have rank 2, the rank of its Picard group. 
Then we run the 2-ray game on it, following [10J and [1J. Next we check whether this 2-ray game 
restricts to a 2-ray game on the threefold under study, if so we check to see if it is a Sarkisov link. 
In similar situations, we blow up other Mori fibre space threefolds embedded in weighted projective 
spaces or rank 2 toric varieties, and follow this instructions. When the rank of the ambient toric 
variety is 2 we use techniques of [2J, in order to realise the rank 3 toric variety after the blow up 
and the 2-ray game played on it. 

3. Blowing up the index two point 

The fan of P, as a toric variety, consists of seven 1-dimensional rays {p{\ in Z 6 , forming a complete 
fan with six (top dimensional) cones ctj =< pi,...,pi,,...,pj >, with a single relation between the 
rays 

Pi + P2 + P3 + P4 + 2/05 + 2p 6 + 3p7 = 0, 

where the coefficients are indicated by the weights that define P. Adding a new ray and performing 
the consequent subdivision results in a blow up of this variety. We aim to blow up the point p y , 
hence the new ray should be in the cone 05, see [17} §2.6]. Let the new ray be pa and the blow up 
variety denoted by X. By what we said before, some multiple of po can be written as the positive 
sum of other rays other than p$. Now, we explain how to decide the coefficients in this relation. 
The Cox ring (set of relations) of X is the polynomial ring with eight variables u, y, x, xi, X2, X3, yi, x 
associate to the matrix below. 



Po 


P5 


P\ 


pi 


A3 


Pi 


Pe 


PI 





2 


1 


1 


1 


1 


2 


3 


— UJ 





Wi 


Wo 


UM 


Ua 


L0 6 


Ul7 



Each column of this matrix indicates a ray in the fan, or represents a variable in the Cox ring. The 
numerical rows of the matrix represent the relations between the rays, or equivalently the numerical 
columns represent the bi-degree of the variables in the homogenous coordinate ring (Cox ring) of X. 
See [15] for the basic theory and explanation. 
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Let the new variable, associate to the ray p, be u. The GIT chamber of this toric variety has 
the following shape: 




Note that we do not claim x, xi,X2,X3,yi,z are in that order. What is clear is that they all fall 
in that side of y in comparison with u, because to and WjS are all strictly positive. The blow up 
ip: X — > P is equivalent to taking the birational map defined by the linear system |0(1,O)|, in other 
words 



0,y,x,xi,x 2 ,x 3 ,yi,z) £l4 



u 



'1 "2 "" 

" X, U <" Xl,«" 



. ^4 "6 "7 ■ 

x 2 ,u « x 3 ,y,«" yi,«" z) e 



In order to determine the values of w and Wj we use Theorem 12.21 As mentioned before thie map 
localy near the point p y on X is sought to be u^x, u^xi, n^X2. Hence w = 1 and u>± = 0J2 = W3 = 1. 
On the other hand, replacing these in the Equations [1] we aim to cancel the highest possible power 
of u in each equation. This indicates that co^ = 3,ujq = 4 and coj = 5. Note that this changes the 
Cox ring of X to 



u y x xi 

2 11 

-2011 



x 2 z yi x 3 
13 2 1 
15 4 3 



However, this matrix defines a stacky fan and not a toric fan (see [2j[5l[T6]. However, the suitable 
toric variety can be obtain by well forming this matrix (see [2]) by subtracting the first row from 
the second and then dividing by 2, which essentially removes a factor of 2 from the determinant of 
all 2 x 2 minors of the matrix above. Hence, the Cox ring of the toric variety X is 




u y x xi X2 

2 111 

-1-10 



with irrelevant ideal I = (it, y) PI (x,xi,X2,£,yi,X3). 

The birational transform of X under this map defines a threefold X[ , that is the Kawamata blow 
up of X at the point p y . It is a codimension 3 subvariety of X defined by the vanishing of the five 
equations 



® Pfl234 

® Pfl235 

(D Pfl245 

Pfl345 

© Pf2345 



yz = AD - (uyi + C)B 
yyi = -xA -x 1 B 
yx 3 = x(«yi + C) + xiD 
x 3 A = -yi(uyi + C) + xiz 
x 3 i? = —J\D — xz 



where A,B,C,D are the same as before with the following replacements 



i^x 



X\ l-> Xi 



X 2 !->■ X 2 



X 3 i-)- UX3 
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Running the 2-ray game on X is essentially the variation of Geometric Invariant Theory (vGIT) 
in the Mori chamber of X, given by 




The 2-ray game follows the diagram 




The map /o contracts the locus (z 
scroll 



To 

yi 



X3 = 0) C X, that is isomorphic to the 3 dimensional 



u 



-1 



y 

2 



X Xi 

1 1 



X2 

1 



-10 



to the P2 ;xi;x2 



The map go , on the other hand, contracts the 4 dimensional scroll defined by 
(u = y = 0) C X\ to the same P 2 . Therefore, the birational map X — » X\ is a (— 1, —1, 1, 1, 1) flip 
above a P 2 . Similarly, the birational map Xi — » X2 can be seen as the flip (3, 5, 1, 1, 1, —1, —2), that 
is the contraction of a P(l, 1, 1, 3, 5) C X\ to a point in Ti by f\ and extraction of a P(l, 2) C X2 
from that point by g\ . The last map is simply the contraction of the divisor (X3 = 0) C X2 ■ It can 
be written explicitly by the linear system \0(2, 1)|, that is 

(-u,y,x,xi,x 2 ,z,yi,x 3 ) Gl 2 ^ (yi,x 3 x,X3Xi,x 3 X2,2; 2 ,u,X3Z,:r3y) <E P(l, 1, 1, 1, 1, 2, 3) 

Theorem 3.1. The 2-ray game on X restricts to a 2-rag game on X[. In particular, X is birational 
to a complete intersection of two cubics in P(l, 1, 1, 1, 1, 2), and the birational link between them 
consists of 11 flops followed by a (3, 1, —1, —2) flip. 

Proof. Substituting u = y = z = y — l = X3 = 0in the Equations [21 and then solving in P x:xi . X2 we 
obtain 11 points, by Hilbert-Burch theorem. Note that setting z = y — l = x 3 = gives the same 
equations, hence /o restricted to Y contracts 11 lines to 11 points (on P 2 ). On the other hand, 
near any of these points the variable z is a tangent, by (4) and (5). Therefore this variable can be 
eliminated in a neighborhood of any point in Xi that maps to one of those 11 points. Hence go 
restricted to the threefold (defined by Equations [2]) is the contraction of a Py i:X3 - Therefore, the 
first toric flip restricts to 11 flops (1,1,-1,-1) on X[, to a threefold X' 2 . At the next step, the 
tangency of variables y,x and xi near p z £ T (the image of contractions from f\ and g\) allows 
one to eliminate this variables locally, and hence the toric flip restricts to a threefold flip of type 
(3, 1, —1, —2), to a threefold X' 3 . In particular, the singular point p uz of type 1/3(1, 1, 2) is replaced 
by the 1/2(1, 1, 1) point p X3Z after the flip. The last step of the game contracts the divisor (X3 = 0) 
to the point p yi G P'. Restricting this map to Equations [2] shows that the variable y can be globally 
eliminated on this threefold. After this elimination one can see that the transform of (T) and (2) 
are in the ideal generated by (4) and (5). Hence the we have a divisorial contraction from X' 3 to a 
threefold Y defined by the vanishing of 



A + yiiuyi + C)-xiz = B + xz + yiD = 
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in the weighted projective space P(l, 1, 1, 1, 1,2), with variables u,x,x\,X2,yi,z, where A and B 
are general cubics, and C and D are general quadrics, in variables u,x\,X2- In particular Y has 
two singular points: p z of quotient type 1/2(1, 1, 1) and p yi , a cA\ with local analytic isomorphism 

(p yi GY)^(0G (xz + x\ + x\ = 0) C C 4 ) 

□ 

4. Blowing up the index three point 

In this section we perform a similar construction for blowing up the point p z , that has singularity 
of type 1/3(1, 1, 2). Recall that, X is defined by the vanishing of 

CD yz = AD - ( yi + C)B 

x 1 z = x 3 A + y 1 (y 1 + C) 

(3) (3) xz = - yi D - x 3 B 

2/2/1 = -xA - x\B 

(5) yx 3 = »(yi + C) + a?i.D 

Similar to the previous section, the Cox ring of the sixfold £', the toric blow up is 

z x 2 x 3 yi y x xi 

3 112 2 11 

-10 111 

The threefold X", the Kawamata blow up of X at the point p z , is defined by 

(1) yz = AD - ( yi + C)£ 

(2) xiz=x 3 ^ + yi(yi+C) 

(4) (3) xz = - yi D - x 3 S 

yyi = -xA - xiS 

© yx 3 =x(yi+C)+xi J D 

where A, B, C, D are as before with replacements 

X l-> WX , Xl I-)- tfXi , X2 l~> X2 , x 3 i— >■ x 3 

The first step of the ambient 2-ray game restricts to 7 flops, and maps to X 2 ' , and follows at the 
next step by a Prancia flip (2, 1, —1, —1), mapping to Z. At the end, we have a fibration over Px:xi 
from Z. Using (2) and we can eliminate the variable z above all fibres, therefore the new model 
is the complete intersection of 

yyi = -xA -xiB and yx 3 = x(yi + C) + x x D 

as two hypersurfaces in the toric variety 




w 


X2 


x 3 


yi 


y 


X 


Xl 


1 


1 


1 


2 


l 








-2 


-1 


-1 


-2 





1 


1 



Note that this matrix is obtain by removing the variable z and a re-scale using SL (2,Z). 

Each fibre is a complete intersection of a quadric with a cubic in P(l, 1, 1, 1, 2), in particular, 
the generic fibre is a cubic surface. Furthermore, this model has only a singular point of type 
1/2(1, 1, 1), at the point p yiXl - 
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5. Mori fibrations 



In this section we obtain two other models, both fibred over P 1 with cubic surface fibres, from 
Y and Z, and show that they are isomorphic, it turns out that these models are square birational 

to Z/F 1 . 

Lemma 5.1. The blow up of the 1/2(1, 1, 1) singular point inY C P(l, 1, 1, 1, 1, 2) has a Sarkisov 
link of type I to a cubic surface fibration over P 1 . 

Proof. Consider the toric variety with Cox ring 



V 


z 


u 


X2 


yi 


X 


XI 





2 


1 


1 


l 


1 


1 


-1 


-1 











1 


1 



With irrelevant ideal I = (v,z) n (u, X2,yi,x, xi). 

Similar to constructions in previous section, it follows that the threefold Y[ defined by the 
vanishing of 

A + y\{uy\ + C) - x\z = B + xz + y 1 D = 

in this toric variety is the Kawamata blow up of Y at the point p z , where A, B, C, D are two cubic 
and two quadrics in vx, vxx,X2,u. Furthermore, the 2-ray game of the ambient space restricts to 
a 2-ray game on Y[, which consists of nine flops followed by a fibration to P x:xi . Note that above 
every point in the base of this fibration the variable z can be eliminated, using the ratio 

A + Yi(uji + C) B + yi D 
z = = 

—X Xi 

Hence the new variety, Z, can be viewed as the hyper surf ace defined by 

xi (A + yi(«yi + C)) + x(B + yi D) = 

in toric variety with Cox ring 

v 

1 

-1 

and irrelevant ideal I = (x, xi) fl (y,u, X2,yi). The threefold Z is a fibration of cubic surfaces, over 
Px:xi with a singular point p yix , which is a cA\ singularity. □ 

Lemma 5.2. The blow up of the 1/2(1, 1, 1) singular point in Z has a Sarkisov link of type II to 
another cubic surface fibration over P 1 . Furthermore, these two models are square birational. 

Proof. Let us recall that Z is the complete intersection of 

yyi = -xA -x 1 B and yx 3 = x(yi + C) + x 1 D 
in the toric variety 



u 


X2 


yi 


X 


xi 


1 


1 


l 

















1 


1 



w 


X2 


X3 


yi 


y 


X 


xi 


1 


1 


1 


2 


l 








-2 


-1 


-1 


-2 





1 


1 



with irrelevant ideal I = (x, xi) n (w,X2,X3,yi,y). It has a singular point of type 1/2(1,1,1) at 
p Xiyi . We aim to blow up this point. Using the techniques introduced in [2], we consider the toric 
variety of rank three with Cox ring 

I w x 2 x 3 yi y x xi x' \ 
1 1 1 2 1 ! 
-2-1-1-2011 
\ 1 1 1 3 2 0-2/ 
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with irrelevant ideal J = (x,xi) n (w, X2,X3,yi,y) PI («;,X2,x 3 ,y, x) PI (x',xi) n (x',yi). Considering 
the GIT (Mori) chamber of this variety in Z 3 , the morphism that corresponds to the wall (ei, e 2 ) is 

1.1,1. 3 

(w,x 2 ,x 3 ,yi,y,x,xi,x / ) ^ (tox' 2 ,x 2 x' 2 ,x 3 x 2 ,yi,yx' 2 ,xx',xi) 

which is, when restricted to Z, the Kawamata blow up of the singular point. However, note that 
the well-formed model of the toric ambient space is 

( w x 2 x 3 yi y x xi x' \ 

1 1 1 2 10 

-2-1-1-2011 

\ 0-1110-1/ 

We aim to play the 2-ray game on this toric variety over the field of rational functions of F^:xi > that 
is the base of the Mori fibration. This can be realised by fixing the action of the C* of the second 
row of this matrix, using a fixed non-zero value of xi , which leads to the rank two matrix 



x 


y 


w 


X2 


X.3 


yi 


x' 





l 


1 


1 


1 


2 





1 


l 











-1 


-1 



and the ideal transforms to J' = (u>,X2,x 3 ,y,x) n (x',yi). The two ray game of this toric variety, 
over the base field C{£}, restricts to six flops, corresponding to the six points solutions of the general 
quadric D and general cubic B in P^, :X2:X3 . The next step is a divisorial contraction. It is more 
useful to see this contraction on the global model, i.e. the rank three variety. Note that after flops 
the toric variety has the same Cox ring with irrelevant ideal J = (x, xi) n (w, x 2 , x 3 , yi, y) n (y, x) n 
(x',xi) PI (x',yi,u>,x 2 ,x 3 ). Rewriting the matrix, using some SL (3, Z) action, in the form 

I w x 2 x 3 yi y x xi x' ^ 

1112 10 

-2 -1 -1-1-10 1 1 

\ -1 -1 -1 -3 1 -1 / 

Note that the map corresponding to the wall (ei, e 2 ) in the GIT cone is a morphism that contracts 
the divisor (x = 0) to the point p x > y in the toric variety with Cox ring 



w 


X2 


x 3 


yi 


y 


Xl 


X' 


1 


1 


1 


2 


l 








-2 


-1 


-1 


-1 


-l 


1 


1 



with irrelevant ideal I' = (x',xi) n (io,x 2 ,x 3 ,yi,y). The blow up (contraction) map is 

(w,x 2 ,x 3 ,yi,y,x,xi,x') ^ (wx,x 2 x,x 3 x,y 1 x 3 ,y,x 1 ,x'x) 

Carrying all these maps on the equation of Z we end up with a new threefold Z, defined as the 
complete intersection of 

yyi = — x'A — x\B and yx 3 x' = yi + x C + x±D 

in the latter rank two toric variety. Clearly the variable yi can be eliminated. Hence, Z is the 
hypersurface 

y x 3 x' — x'yC — xiyZ) = — x'A — x\B 

in the toric variety with Cox ring 



w 


x 2 


x 3 


y 


xi 


x' 


1 


1 


1 


l 








-1 











l 


1 



and irrelevant ideal / = (x',xi) n (w, x 2 ,x 3 ,y). It is easy to see that Z is a cubic surface fibration 
over P x /. x , and has a cA\ singularity at the point p yxi - d 

Proposition 5.3. The two models obtained in Lemma \5.1\ and Lemma \5.°<& are isomorphic. 
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Proof. This is clear from Lemma 15. II and Lemma 15.21 

6. Pliability of the models and the circle 



□ 



It follows from Theorem 13 .1\ Lemma 15, 11 Lemma 15.21 and Corollary 15.31 that the Fano threefold 
X C P(l, 1, 1, 1, 2,2, 3) is birtional to a Fano complete intersection Y^ C P(l, 1, 1, 1, 1, 2) and a 
fibration of cubic surfaces over P 1 , up to square birational equivalence. Hence the pliability of this 
threefold is at least three. The following lemma shows that X is not rational. 

Lemma 6.1. The threefold X and consequently all other models birational to it are non-rational. 

Proof. Considering the models of del Pezzo fibration birational to X, it follows from |llj that these 
varieties are not rational. □ 

The diagram below visualizes the relation between all models discussed in this article. 



Blup |(1,1,1) 




11 flops 

"(1,1,-1,-1)* 



x' 2 



flip 

(3,1,-1,-2) 



X> 



1 (1,1,-1,-1)/ 



Bl up 4(1,1,2) 



7 flops 



X" - - - - 

1 (1,1,-1,-1 



■x! 




1 (1,1,-1,-1) 2 

The following question seems natural. It relates the number of singular points on a general Fano 
threefold in codimension 3 to its pliability. 

Question 6.2. Let X be a Fano threefold embedded in a weighted projective space in codimension 
3. Let n be the number of different analytic types of singularities that appear in X. Is it true that 
if X is general then Pliab(X) = n + 1? 
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